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´ÒØÖÕÝØÕÔØáÚÞÒ,ÒàÐéÐÕÜëåÝÐáâÞÛÐå,ØÜÕÕâÒáÕÜØ×ÒÕáâÝãîÞáÞÑÕÝÝÞáâì,� áÒï×ÐÝÝëÙ×ÒãÚÞÒÞÙáØÓÝÐÛ
ãÒÕÛØçØÒÐÕâáïÒçÐáâÞâÕ,ßÞáÚÞÛìÚãÔÒØÖÕÝØÕâïÓÞâÕÕâÚÕÓÞÒÝÕ×ÐßÝÞÙÞáâÐÝÞÒÚÕ.´Ûï ãÒÕÛØçÕÝØïÒàÕÜÕÝØÔÞíâÞÙ
ÒÝÕ×ÐßÝÞÙÞáâÐÝÞÒÚØÝÕâÐÚÔÐÒÝÞÑëÛÐáÚÞÝáâàãØàÞÒÐÝÐÚÞÜÜÕàçÕáÚÐïØÓàãèÚÐ,Ø×ÒÕáâÝÐïÚÐÚÔØáÚÍÙÛÕàÐ.² íâÞÙ
áâÐâìÕßàÕÔáâÐÒÛïÕÜØÜÞÔÕÛØàãÕÜÜÞÔÕÛìâÒÕàÔÞÓÞâÕÛÐÔÛïÔØáÚÐÍÙÛÕàÐ.¾áÝÞÒëÒÐïáìÝÐßàØàÞÔÕáÒï×ëÒÐîéÕÙ
áØÛëÜÕÖÔãÔØáÚÞÜØáâÞÛÞÜ,ÒÒÕÔÕÝÝëÜßÞáàÕÔáâÒÞÜÜÞÔÕÛØàÞÒÐÝØï,ßàÕÔßÞÛÐÓÐÕÜÝÞÒëÙÜÕåÐÝØ×ÜÔÛïÒÝÕ×ÐßÝÞÙ
ÞáâÐÝÞÒÚØÔØáÚÐØãÒÕÛØçÕÝÝãîÐÚãáâØçÕáÚãîçÐáâÞâã, áÒï×ÐÝÝãîá ßÐÔÕÝØÕÜÔØáÚÐ.

ºÛîçÕÒëÕáÛÞÒÐ:âÒÕàÔÞÕâÕÛÞ,ÔÒØÖÕÝØÕÔØáÚÐ,ãàÐÒÝÕÝØïÔÒØÖÕÝØï,ÔØááØßÐæØï.

P. Kessler, O. M. O'Reilly
The ringing of Euler's disk

The motion of disks spun on tables has the well-known feature that the associatedacoustic signal increasesin
frequencyas the motion tends towards its abrupt halt. Recently, a commercialtoy, known as Euler's disk, was designed
to maximizethe time beforethis abrupt ending.In this paper, we presentandsimulatea rigid bodymodelfor Euler's disk.
Basedon the nature of the contact forcebetweenthe disk and the table revealedby the simulations,we conjecturea new
mechanismfor the abrupt halt of the disk andthe increasedacousticfrequencyassociatedwith the declineof the disk.

Keywords:rigid body, motion of disk, equationsof motion, dissipation.
MathematicalSubject Classi� cations:70E18,70E40
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1. ²ÒÕÔÕÝØÕ

ºÐâïéØÙáï ÚàãÓÛëÙÔØáÚïÒÛïÕâáïÞÔÝØÜØ×áÐÜëåßÞßãÛïàÝëåßàØÜÕàÞÒâÒÕàÔÞÓÞâÕÛÐ,
ÝÐåÞÔïéÕÓÞáïßÞÔÔÕÙáâÒØÕÜÝÕÓÞÛÞÝÞÜÝÞÙáÒï×Ø.̧ÓÝÞàØàãïÔØááØßÐæØî,ãàÐÒÝÕÝØïÔÒØÖÕÝØï
ÔÛïÚÐâïéÕÓÞáïÔØáÚÐÑëÛØÒÒÕÔÕÝëÒÚÞÝæÕ19 áâÞÛÕâØØ.¿ÞáÛÕÔãîéÐïàÐÑÞâÐ°ßßÕÛÛï[1] Ø
ºÞàâÕÒÕÓÐ[7] ßÞÚÐ×ÐÛÐ,çâÞãàÐÒÝÕÝØïÔÒØÖÕÝØïØÝâÕÓàØàãîâáï.¿ÞçâØáâÞÛÕâØÕáßãáâïàÕ×ãÛì-
âÐâë°ßßÕÛÛïØºÞàâÕÒÕÓÐÑëÛØØáßÞÛì×ÞÒÐÝëºÐèÜÕÝÞÜØÔà.[4] Ø¾'ÀÕÙÛØ[12] ÔÛïØááÛÕÔÞ-
ÒÐÝØï,ßÞÜØÜÞÔàãÓØåÒÞßàÞáÞÒ,ãáâÞÙçØÒÞáâØØÑØäãàÚÐæØÙãáâÞÙçØÒëåÔÒØÖÕÝØÙ(ÑÕáÚÞÝÕçÝÞ
âÞÝÚØå)ÚàãÓÛëåÔØáÚÞÒ.

ÁÐÜÐïßÞáÛÕÔÝïïØÓàãèÚÐ,ßàÞÑãÖÔÐîéÐïØÝâÕàÕáÚÚÐâïéÕÜãáïÔØáÚã, Ø×ÒÕáâÝÐÚÐÚÔØáÚ
ÍÙÛÕàÐ.ÍâÐ ØÓàãèÚÐáÞáâÞØâØ×ßàÞáâÞÓÞåàÞÜØàÞÒÐÝÝÞÓÞáâÐÛìÝÞÓÞæØÛØÝÔàÐ.´ØáÚÍÙÛÕàÐá
×ÐÔÐÝÝëÜÝÐçÐÛìÝëÜÝÐÚÛÞÝÞÜØÒàÐéÕÝØÕÜÝÐçØÝÐÕâßàÕæÕááØàÞÒÐâì,ÚÞÝâÐÚâØàãïáßÞÒÕàåÝÞ-
áâìî. ½ÐÑÛîÔÐÕÜÞÕÔÒØÖÕÝØÕØÜÕÕâáÛÕÔãîéØÕÞáÞÑÕÝÝÞáâØ.²Þ-ßÕàÒëå,ÔØáÚÒÚÞÝÕçÝÞÜáçÕâÕ
ÝÕÞÖØÔÐÝÝÞÞáâÐÝÐÒÛØÒÐÕâáï.² ÔÞßÞÛÝÕÝØÕÚíâÞÜã, ÐÚãáâØçÕáÚØÕçÐáâÞâë,Ø×ÔÐÒÐÕÜëÕÔØáÚÞÜØ
ßÞÒÕàåÝÞáâìî,ÔÕÜÞÝáâàØàãîâàÕ×ÚÞÕãÒÕÛØçÕÝØÕÒÚÞÝæÕÔÒØÖÕÝØï.ÍâØ ÔÒÕÞáÞÑÕÝÝÞáâØâÐÚÖÕ
ØÜÕîâáïã ÜÞÝÕâØÜÝÞÓØåÔàãÓØåæØÛØÝÔàØçÕáÚØåâÕÛ,ÞÔÝÐÚÞ,±ÕÝÔØÚ(Bendik) ØÔà.[2], Ø×ÞÑ-
àÕâÐâÕÛØÔØáÚÐÍÙÛÕàÐ,ÞßâØÜØ×ØàÞÒÐÛØÒëÑÞàÔØáÚÐØßÞÒÕàåÝÞáâØâÐÚØÜÞÑàÐ×ÞÜ,çâÞÒàÕÜï,
ÝÕÞÑåÞÔØÜÞÕÔÛïÞáâÐÝÞÒÚØÔØáÚÐ,ÒëåÞÔØâ×ÐßàÕÔÕÛë60 áÕÚãÝÔ.

ÅÞâï ÒÚÞÝæÕ90-å XX ÒÕÚÐºÞÜßÕà(Compere)[3] ÒëßÞÛÝØÛÜÞÔÕÛØàÞÒÐÝØÕÔÛïÔØáÚÐÍÙÛÕ-
àÐ,ØÜÕÝÝÞáâÐâìï¼ÞääÐââÐ[9] ßàÞÑãÔØÛÐ×ÝÐçØâÕÛìÝëÙØÝâÕàÕáÚÔØáÚã. ÇâÞÑëÔÐâìÞÑêïáÝÕ-
ÝØÕÔÒãÜÞáÞÑëÜáÒÞÙáâÒÐÜÕÓÞÔÒØÖÕÝØï,¼ÞääÐââàÐááÜÐâàØÒÐÛáÛÕÔáâÒØïÒï×ÚÞÙÔØááØßÐæØØ
ÝÐÞÔÝÞÜØ×âØßÞÒãáâÞÙçØÒÞÓÞÔÒØÖÕÝØï,×ÐÔÐÒÐÕÜÞÓÞÔØáÚÞÜ.° áØÜßâÞâØçÕáÚØÙÐÝÐÛØ×¼Þä-
äÐââÐßÞÚÐ×ÐÛ,çâÞÔÒØÖÕÝØÕÔØáÚÐÔÞáâØÓÛÞáØÝÓãÛïàÝÞáâØÒÚÞÝÕçÝÞÜÒàÕÜÕÝØ.ÁâÐâìï ¼Þä-
äÐââÐ[9] Òë×ÒÐÛÐÞÓàÞÜÝÞÕÚÞÛØçÕáâÒÞÔØáÚãááØÙ,ÒçÐáâÝÞáâØ,Ø×-×ÐØÓÝÞàØàÞÒÐÝØïâÐÚØåÞáÞ-
ÑÕÝÝÞáâÕÙ,ÚÐÚÒÞ×ÜÞÖÝÞáâìáÚÞÛìÖÕÝØïØÝÐÛØçØÕâàÕÝØïÚÐçÕÝØï.² çÐáâÝÞáâØ,vandenEngh Ø
Ôà.[5] ØRuina ãâÒÕàÖÔÐÛØ,çâÞáÚÞÛìÖÕÝØÕØâàÕÝØÕÚÐçÕÝØï,áÞÞâÒÕâáâÒÕÝÝÞ,ÒÞÜÝÞÓØåáÛãçÐ-
ïå ÑëÛØÑÞÛÕÕ×ÝÐçØÜë,çÕÜÒï×ÚÐïÔØááØßÐæØï.¾âçÐáâØÚÐáÐïáìíâØåÒÞßàÞáÞÒ,¼ÐÚ´ÞÝÐÛìÔØ
¼ÐÚ´ÞÝÐÛìÔ[8] àÐááÜÐâàØÒÐÛØÔØááØßÐæØî,ÜÕåÐÝØçÕáÚÐïáØÛÐÚÞâÞàÞÓÞÑëÛÐàÐÒÝÐ
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·ÔÕáìÒÕÛØçØÝë� Ø� � ßÞáâÞïÝÝëÕ,Ð� � ÞÔØÝØ×ãÓÛÞÒÍÙÛÕàÐ,ØáßÞÛì×ãÕÜëÙ,çâÞÑëßÐàÐ-
ÜÕâàØ×ÞÒÐâìÒàÐéÕÝØÕÔØáÚÐ1. ·ÝÐçÕÝØÕ� = 4 ÝÐåÞÔØâáïÒáÞÞâÒÕâáâÒØØá ÜÞÔÕÛìî¼ÞääÐââÐ.
¿àÞÒÞÔïßÐàÐÛÛÕÛìá ÐáØÜßâÞâØçÕáÚØÜÐÝÐÛØ×ÞÜ¼ÞääÐââÐ,ÝÞØáßÞÛì×ãïáÞÑáâÒÕÝÝëÕÔÐÝÝëÕ
íÚáßÕàØÜÕÝâÐ,¼ÐÚ´ÞÝÐÛìÔØ¼ÐÚ´ÞÝÐÛìÔÞÑÝÐàãÖØÛØ,çâÞ×ÝÐçÕÝØÕ� = 2:5 åÞàÞèÞáÞÓÛÐ-
áãÕâáïá íÚáßÕàØÜÕÝâÐÜØ.ÁÞÞâÒÕâáâÒãîéÐïáâÐâìï ÁâÐÝØáÛÐÒáÚÞÓÞØ²ÕàÞÝÐ[16] àÐáèØàØÛÐ
ÐÝÐÛØ×¼ÞääÐââÐÒÚÛîçÕÝØÕÜÒëèÕãßÞÜïÝãâëåàÕ×ãÛìâÐâÞÒÚÛÐááØçÕáÚÞÓÞØÝâÕÓàØàÞÒÐÝØïÔÛï
ÚÐâïéÕÓÞáïÔØáÚÐ.ÍâØ ÐÒâÞàëâÐÚÖÕÝÐÜÕàÕÒÐÛØáìáÞßÞáâÐÒØâìáßÕÚâàçÐáâÞâÝÕ×ÐâãåÐîéØå
ÔÒØÖÕÝØÙÚÐâïéÕÓÞáïÔØáÚÐá ÐÚãáâØçÕáÚØÜØçÐáâÞâÐÜØ,ßàÞØ×ÒÞÔØÜëÜØÔØáÚÞÜÍÙÛÕàÐ.

² ÝÐáâÞïéÕÙáâÐâìÕÜë ØáßÞÛì×ãÕÜÐÝÐÛØ×,ßàÕÔÛÞÖÕÝÝëÙvandenEngh ØÔà.ØRuina. ÂÐ-
ÚØÜÞÑàÐ×ÞÜ,Üë ÜÞÔÕÛØàãÕÜÔØáÚÚÐÚâÒÕàÔÞÕæØÛØÝÔàØçÕáÚÞÕâÕÛÞ,ÔÒØÖãéÕÕáïáÕÔØÝáâÒÕÝÝÞÙ
âÞçÚØÚÞÝâÐÚâÐÝÐÓÞàØ×ÞÝâÐÛìÝÞÙßÞÒÕàåÝÞáâØ.ÁÞ×ÔÐÒÐÕÜÐïÝÐÜØÜÞÔÕÛìÒÚÛîçÐÕâØÚÐçÕÝØÕ
ØáÚÞÛìÖÕÝØÕ,ßÕàÕåÞÔÜÕÖÔãÔÒãÜïíâØÜØØÔÕÐÛØ×ÐæØïÜØØÚÞÝÕçÝãîâÞÛéØÝãÔØáÚÐ.ÅÞâï Øá-
ßÞÛì×ãÕÜÐïÜÞÔÕÛìÔÛïÚÐâïéÕÓÞáïâÕÛÐáÞÞâÒÕâáâÒãÕâ°ßßÕÛÛî[1], Üë âÐÚÖÕÒÚÛîçÐÕÜÜÞÜÕÝâ
âàÕÝØïM f . ÍâÞâ ÜÞÜÕÝâïÒÛïÕâáïßÕàÒÞÝÐçÐÛìÝëÜÜÕåÐÝØ×ÜÞÜÔØááØßÐæØØÔÛïÚÐâïéÕÓÞáïâÕ-
ÛÐ,ÐÝÐàïÔãá áØÛÞÙâàÕÝØïáÚÞÛìÖÕÝØï,� ØÞÔÝØÜØ×ÜÕåÐÝØ×ÜÞÒÔØááØßÐæØØÔÛïáÚÞÛì×ïéÕÓÞ

1² àÐÑÞâÕ¼ÞääÐââÐáØÜÒÞÛ
 ØáßÞÛì×ãÕâáïÔÛïÞÑÞ×ÝÐçÕÝØï_� = ! 3 sec(� ), ßàØÜÕÝÕÝÝÞÓÞÒÝÐáâÞïéÕÙáâÐâìÕ.
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âÕÛÐ.² çÐáâÝÞáâØ,ÝÐèÐÜÞÔÕÛìÝÕÒÚÛîçÐÕâÒï×Úãî ÔØááØßÐæØî¼ÞääÐââÐ.¾ÝÐâÐÚÖÕÞâÛØ-
çÐÕâáïÞâÜÞÔÕÛØºÞÜßÕàÐ(Compere),áÜÞÔÕÛØàÞÒÐÒèÕÓÞ(ÑÕáÚÞÝÕçÝÞâÞÝÚØÙ)ÚÐâïéØÙáïÔØáÚ,
×ÐÒØáïéØÙÞâÜÞÜÕÝâÐÒï×ÚÞÙÔØááØßÐæØØØÔØááØßÐâØÒÝÞÙáØÛë.

²áÛÕÔáâÒØÕßàØáãâáâÒØïÒÕÛØçØÝëM f áÞ×ÔÐÒÐÕÜÐïÝÐÜØÜÞÔÕÛìÝÕØÝâÕÓàØàãÕâáïÔÐÖÕ
ÒáÛãçÐÕÚÐçÕÝØï.ÍâÞ ïÒÛïÕâáïÞâÛØçØÕÜÞâÚÛÐááØçÕáÚÞÙáØâãÐæØØ,àÐááÜÞâàÕÝÝÞÙ°ßßÕÛ-
ÛÕÜ[1]. ±ÞÛÕÕâÞÓÞ,ÒëßÞÛÝÕÝØÕÐÝÐÛØ×ÐãàÐÒÝÕÝØÙÔÒØÖÕÝØï,ÐÝÐÛÞÓØçÝÞÓÞÐÝÐÛØ×ã, ÒëßÞÛ-
ÝÕÝÝÞÜãºÐèÜÕÝÞÜØÔà.[4] Ø¾'ÀÕÙÛØ[12] Þ ÚÐâïéÕÜáïÔØáÚÕ,ÚÐÖÕâáïÝÕÒÞ×ÜÞÖÝëÜ.ºÐÚ
àÕ×ãÛìâÐâ, Üë ßàØÑÕÓÐÕÜÚÞÑèØàÝÞÜãÜÝÞÖÕáâÒãçØáÛÕÝÝëåÜÞÔÕÛØàÞÒÐÝØÙÜÞÔÕÛØÔÛïÔØáÚÐ
ÍÙÛÕàÐ.² çÐáâÝÞáâØ,Üë ÝÐåÞÔØÜ,çâÞÔØáÚçÐáâÞßÕàÕÜÕéÐÕâáïÜÕÖÔãÚÐçÕÝØÕÜØáÚÞÛìÖÕÝØÕÜ,
çâÞÞÑëçÝÐïáØÛÐ,ÔÕÙáâÒãîéÐïÝÐÔØáÚ,ÒáÕÓÔÐßÞÛÞÖØâÕÛìÝÐ,ØçâÞÜÕàÐçÐáâÞâëíâÞÙáØÛëãÒÕ-
ÛØçØÒÐÕâáïßÞÜÕàÕãÜÕÝìèÕÝØïãÓÛÐÝÐÚÛÞÝÐÔØáÚÐ.¾áÝÞÒëÒÐïáìÝÐàÕ×ãÛìâÐâÐåÝÐèÕÓÞçØá-
ÛÕÝÝÞÓÞÜÞÔÕÛØàÞÒÐÝØï,Ò×ÐÒÕàèÐîéÕÜßÐàÐÓàÐäÕáâÐâìØßàÕÔßÞÛÐÓÐÕÜÝÞÒëÙÜÕåÐÝØ×ÜÔÛï
ÒÝÕ×ÐßÝÞÙÞáâÐÝÞÒÚØÒÔÒØÖÕÝØØÔØáÚÐ.

2. ¿àÕÔÒÐàØâÕÛìÝëÕ×ÐÜÕçÐÝØï
² íâÞÜßÐàÐÓàÐäÕãÚÐÖÕÜÜÞÔÕÛìâÒÕàÔÞÓÞâÕÛÐÔÛïÔØáÚÐÍÙÛÕàÐ.¿ÞÛÐÓÐÕÜÔØáÚÍÙÛÕàÐ

âÒÕàÔëÜâÕÛÞÜÜÐááëm, ÔÒØÖãéØÜáïßÞÓÞàØ×ÞÝâÐÛìÝÞÙßÛÞáÚÞáâØ(áÜ.àØá.1). ¿àÕÔßÞÛÞÖØÜ,
çâÞâÕÛÞØÜÕÕâÚàãÓÛÞÕßÞßÕàÕçÝÞÕáÕçÕÝØÕàÐÔØãáÐR ØÔÛØÝëL, ÐÕÓÞæÕÝâàÜÐáá�X ÝÐåÞÔØâáï
ÒÕÓÞÓÕÞÜÕâàØçÕáÚÞÜæÕÝâàÕ.´àãÓØÕßàØÜÕàëâÒÕàÔÞÓÞâÕÛÐÒÚÛîçÐîâÚàãÓÛëÕæØÛØÝÔàØçÕáÚØÕ
ÑàãáÚØØÞÑÞÛÞçÚØ.¿ÞÛÞÖÕÝØÕÒÕÚâÞàÐ�X ÞßàÕÔÕÛïÕâáïÚÐÚ�x, ÐÕÓÞÒÕÚâÞàáÚÞàÞáâØàÐÒÕÝ�v =
= _�x. ² ÔÐÝÝÞÜáÛãçÐÕâÞçÚÐáÒÕàåãÞÑÞ×ÝÐçÐÕâßàÞØ×ÒÞÔÝãîßÞÞâÝÞèÕÝØîÚÒàÕÜÕÝØt.

Òâåðäî å òåëî
ì àññûm

ÀØá.1. ÆØÛØÝÔà,ÔÒØÖãéØÙáïßÞÓÞàØ×ÞÝâÐÛìÝÞÙßÛÞáÚÞáâØ.½ÐíâÞÜàØáãÝÚÕâÐÚÖÕØ×ÞÑàÐ-
ÖÕÝëÔÒÐãÓÛÐÍÙÛÕàÐ,ØáßÞÛì×ãÕÜëÕÔÛïßÐàÐÜÕâàØ×ÐæØØÒàÐéÕÝØïâÒÕàÔÞÓÞâÕÛÐ.µÔØÝØçÝëÙ
ÒÕÚâÞàe2 = e3 � e1 ÞàØÕÝâØàãÕâáïÝÐÞáì áØÜÜÕâàØØæØÛØÝÔàÐ,Ðe1 ÒáÕÓÔÐïÒÛïÕâáïÓÞàØ×ÞÝ-
âÐÛìÝÞÙ.

ÇâÞÑëßÐàÐÜÕâàØ×ÞÒÐâìÒàÐéÕÝØÕâÒÕàÔÞÓÞâÕÛÐ,ãÔÞÑÝÞØáßÞÛì×ÞÒÐÝØÕÜÝÞÖÕáâÒÐ3-1-2
ãÓÛÞÒÍÙÛÕàÐ� , � Ø . ¿ÕàÒëÕÔÒÐãÓÛÐÍÙÛÕàÐ� Ø� ÜÞÖÝÞØáßÞÛì×ÞÒÐâìÔÛïÞßàÕÔÕÛÕÝØï
ÑÐ×ØáÐf e1; e2; e3g, âÞÓÔÐÚÐÚßÕàÒëÙãÓÞÛÍÙÛÕàÐ� ÞßàÕÔÕÛïÕâÑÐ×Øáf a1; a2; a3g:

2

4
a1

a2

a3

3

5 =

2

4
cos(� ) sin(� ) 0

� sin(� ) cos(� ) 0
0 0 1

3

5

2

4
E1

E2

E3

3

5 ;

2

4
e1

e2

e3

3

5 =

2

4
1 0 0
0 cos(� ) sin(� )
0 � sin(� ) cos(� )

3

5

2

4
a1

a2

a3

3

5 : (2.1)

¾âÜÕâØÜâÐÚÖÕ,çâÞf E1; E2; E3g ïÒÛïÕâáïÝÕßÞÔÒØÖÝëÜßàÐÒëÜÔÕÚÐàâÞÒëÜÑÐ×ØáÞÜ.
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���

�

�

�

�

�

��

��

�

�  > 0
�

�

��

�

�

��

�

�

�  < 0
�

�

� = �

�

�� = �

�

�  = 0

ÀØá.2. ÂàØØ×áÒï×ÐÝÝëåáæÕÝÐàØÕÒâÒÕàÔÞÓÞâÕÛÐá ÓÞàØ×ÞÝâÐÛìÝÞÙßÛÞáÚÞáâìî.ÁÛÕÔãÕâÞâÜÕ-
âØâì,çâÞÒÕÚâÞàa3 = E3 ïÒÛïÕâáïÝÞàÜÐÛìîÚÓÞàØ×ÞÝâÐÛìÝÞÙßÛÞáÚÞáâØ.

ÁØÝÓãÛïàÝÞáâØ3-1-2 ãÓÛÞÒÍÙÛÕàÐÒÞ×ÝØÚÐîâ, ÚÞÓÔÐãÓÞÛÝÐÚÛÞÝÐ� = � �
2

. ÁáëÛÐïáì ÝÐ

àØá.2, íâØáØÝÓãÛïàÝÞáâØáÞÞâÒÕâáâÒãîââÕÛã, ÛÕÖÐéÕÜãÓÞàØ×ÞÝâÐÛìÝÞÝÐßÛÞáÚÞáâØ.ÍâÞâ àØ-
áãÝÞÚâÐÚÖÕÔÕÜÞÝáâàØàãÕâ×ÐÒØáØÜÞáâìÚÞÝâÐÚâÐÜÕÖÔãâÕÛÞÜØßÛÞáÚÞáâìîÞâ� . ºÞÓÔÐ� 6=
= 0; � �

2
, áãéÕáâÒãÕâÕÔØÝáâÒÕÝÝÐïâÞçÚÐÚÞÝâÐÚâÐP ÜÕÖÔãâÕÛÞÜØßÛÞáÚÞáâìî.² ßàÞâØÒÝÞÜ

áÛãçÐÕ,ÚÞÝâÐÚâÜÕÖÔãâÕÛÞÜØßÛÞáÚÞáâìîßàÞØáåÞÔØâÛØÑÞÝÐÛØÝØØ(ßàØ� = 0), ÛØÑÞÝÐßÞ-
ÒÕàåÝÞáâØ.½ÐáØÝâÕàÕáãîâáÛãçÐØá ÞÔÝÞÙâÞçÚÞÙÚÞÝâÐÚâÐ.

²ÕÚâÞàãÓÛÞÒÞÙáÚÞàÞáâØ! âÕÛÐØÜÕÕâßàÕÔáâÐÒÛÕÝØï

! = ! 1e1 + ! 2e2 + ! 3e3 = _� E3 + _� e1 + _ e2; (2.2)

ÓÔÕ
! 1 = _�; ! 2 = _ + _� sin(� ); ! 3 = _� cos(� ): (2.3)

·ÐßØèÕÜâÐÚÖÕãÓÛÞÒÞÙØÜßãÛìáâÕÛÐÞâÝÞáØâÕÛìÝÞÕÓÞæÕÝâàÐÜÐáá

H =
�

mR2k2

4
+ mL 2

12

�
(! 1e1 + ! 3e3) +

�
mR2k2

2

�
! 2e2; (2.4)

ÓÔÕk2 = 1 ÔÛïâÒÕàÔÞÓÞæØÛØÝÔàØçÕáÚÞÓÞÑàãáÚÐ,Ðk2 = 2 ÔÛïæØÛØÝÔàØçÕáÚÞÙÞÑÞÛÞçÚØÝÕ×ÝÐ-
çØâÕÛìÝÞÙâÞÛéØÝë.

¼ÓÝÞÒÕÝÝãîâÞçÚãÚÞÝâÐÚâÐâÒÕàÔÞÓÞâÕÛÐá ÓÞàØ×ÞÝâÐÛìÝÞÙßÞÒÕàåÝÞáâìîÞÑÞ×ÝÐçØÜçÕ-
àÕ×P. ² ÝÐèÕÙÜÞÔÕÛØÜë ßàÞÒÞÔØÜàÐ×ÛØçØïÜÕÖÔãÔÒãÜïáØâãÐæØïÜØ,×ÐÒØáïéØÜØÞâÒÕÚâÞàÐ
áÚÞàÞáâØvP ÒÕÛØçØÝëP, ØÒëÔÕÛïÕÜáÛãçÐÙÚÐçÕÝØïØáÛãçÐÙáÚÞÛìÖÕÝØï.¸áßÞÛì×ãï ßàÕÔë-
ÔãéØÕÚØÝÕÜÐâØçÕáÚØÕàÕ×ãÛìâÐâë,ÜÞÖÝÞÒëçØáÛØâìÒëàÐÖÕÝØÕÔÛïv P :

vP = �v + ! � (� H e2 � Re3) =

= �v � (R! 2 � H ! 3)a1 + (R cos(� ) + H sin(� )) ! 1a2 � (H cos(� ) � R sin(� )) ! 1E3:
(2.5)

² ÔÐÝÝÞÜáÛãçÐÕH = L
2

sign(� ), ÐH = 0 ßàØ� = 0. ºÞÓÔÐâÕÛÞÚÐâØâáï,v P = 0. µáÛØâÕÛÞ

áÚÞÛì×Øâ, âÞØÜÕÕâÛØèì v P � E3 = 0, ÐÒÕÚâÞàáÚÞàÞáâØáÚÞÛìÖÕÝØïv P ÝÕàÐÒÕÝÝãÛî.
² áÛãçÐÕáÚÞÛìÖÕÝØïãÔÞÑÝÞàÐ×ÛÞÖÕÝØÕv P ÝÐÕÓÞáÞáâÐÒÛïîéØÕÒÔÞÛìa1 Øa2:

vP = u1a1 + u2a2 = us: (2.6)
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·ÔÕáì ÒÕÛØçØÝÐu ïÒÛïÕâáïáÚÞàÞáâìîáÚÞÛìÖÕÝØï,ÐÕÔØÝØçÝëÙÒÕÚâÞàs ×ÐÔÐÕâÝÐßàÐÒÛÕÝØÕ
áÚÞÛìÖÕÝØï:

s = cos(� )a1 + sin(� )a2: (2.7)

µáÛØãÓÞÛáÚÞÛìÖÕÝØï� àÐÒÕÝ0 ØÛØ� , âÞv P ßÐàÐÛÛÕÛìÝÐa1. ½ÕÚÞâÞàëÕÝÕßÞáàÕÔáâÒÕÝÝëÕ
ÜÐÝØßãÛïæØØ,ØáßÞÛì×ãîéØÕ(2.2), (2.5), Ø(2.6), ßÞÚÐ×ëÒÐîâ, çâÞ

_u = _u1 cos(� ) + _u2 sin(� );

_� = 1
u ( _u2 cos(� ) � _u1 sin(� )) ; (2.8)

_u1 = _�v � a1 + _� (u2 � R ! 1 cos(� ) � H ! 1 sin(� )) � R _! 2 + H _! 3;

_u2 = _�v � a2 � _� (u1 + R! 2 � H ! 3) + d2

dt 2
(R sin(� ) � H cos(� )) :

ÁÞÞâÒÕâáâÒãîéØÕãàÐÒÝÕÝØïÔÛïÚÐâïéÕÓÞáïâÕÛÐßÞÛãçÐîâáïØ×(2.8), ßÞÛÐÓÐïu1 = u2 = _u1 =
= _u2 = 0.

3. ´ØááØßÐæØïØÜÞÔÕÛØÚÞÝâÐÚâÐ

²Þ×ÒàÐéÐÕÜáïÚÞßØáÐÝØîáØÛØÜÞÜÕÝâÞÒ,ÒÞ×ÝØÚÐîéØåÒâÕÛÕÒáÛÕÔáâÒØÕÕÓÞÚÞÝâÐÚâÐá
ÓÞàØ×ÞÝâÐÛìÝÞÙßÞÒÕàåÝÞáâìî.² ÑÞÛìèØÝáâÒÕàÕèÕÝØÙáÒï×ÐÝÝëåÜÕÖÔãáÞÑÞÙ×ÐÔÐç,ÒÚÛîçÐ-
îéØå ÚàãÓÛëÕÔØáÚØ,ÚÞÝâÐÚâØÔÕÐÛØ×ØàãÕâáïÚÐÚÕÔØÝáâÒÕÝÝÐïâÞçÚÐÚÞÝâÐÚâÐ,ØíâÞâÚÞÝâÐÚâ
ßÞàÞÖÔÐÕâáØÛã, ÔÕÙáâÒãîéãîÒâÞçÚÕÚÞÝâÐÚâÐ.² ÔÐÝÝÞÜáÛãçÐÕÜë ÒØÔÞØ×ÜÕÝïÕÜíâÞ ãáÛÞ-
ÒØÕ,âÐÚÖÕÒÚÛîçÐïÜÞÜÕÝâÒØÔÕÐÛØ×ØàÞÒÐÝÝãîÕÔØÝáâÒÕÝÝãîâÞçÚãÚÞÝâÐÚâÐ.ÍâÞâ ÜÞÜÕÝâM f

ÔØááØßØàãÕâíÝÕàÓØîØ×âÕÛÐÒÞÒàÕÜïÚÐçÕÝØïØáÚÞÛìÖÕÝØïØßàÕÔÝÐ×ÝÐçÐÕâáïÔÛïÒÚÛîçÕÝØï
ßÞáÛÕÔáâÒØÙÚÞÝÕçÝÞÙÞÑÛÐáâØÚÞÝâÐÚâÐÒÜÞÔÕÛìâÒÕàÔÞÓÞâÕÛÐ.

²ÒÕÔÕÝØÕÜÞÜÕÝâÐM f ÞÑãáÛÞÒÛØÒÐÕâáïÒàÕÜÕÝÝëÜáÜïÓçÕÝØÕÜÞáÝÞÒÐÝØï,çâÞâÕÛÞïÒ-
ÛïÕâáïâÒÕàÔëÜ.¿ÞÔÞÑÝëÙßÞÔåÞÔØáßÞÛì×ÞÒÐÛáïÔÛïáÛãçÐïáäÕà(áÜ.,ÝÐßàØÜÕà,½ÕÙÜÐàÚÐ
(Ne��mark) ØÄãäÐÕÒÐ[11] ØÛØ¶ãàÐÒÛÕÒÐ[17]) ØÒÜÞÔÕÛïåèØÝ,ØáßÞÛì×ãÕÜëåÒÔØÝÐÜØÚÕÐÒâÞ-
ÜÞÑØÛï(áÜ.,ÝÐßàØÜÕà,(Gillespie)[6] ØÛØ(Pacejka)[13]). ²ÚàÐâæÕ,ßÞáÚÞÛìÚãÛîÑÞÕâÕÛÞÔÕäÞà-
ÜØàãÕâáï,ÔÕÙáâÒØâÕÛìÝëÙÚÞÝâÐÚâÜÕÖÔãâÕÛÞÜØÓÞàØ×ÞÝâÐÛìÝÞÙßÞÒÕàåÝÞáâìîáÚÞàÕÕÑãÔÕâ
ÒÚÛîçÐâìÞÑÛÐáâìÚÞÝâÐÚâÐA, çÕÜÞÔÝãâÞçÚã. ÂÕÛÞÑãÔÕâßÞÔÒÕàÓÐâìáïßÞÛî áæÕßÛÕÝØït á íâÞÙ
ÞÑÛÐáâìî.¾ßàÕÔÕÛÕÝØÕt ØA, ÞáÞÑÕÝÝÞÔÛïÔØÝÐÜØçÕáÚÞÙ×ÐÔÐçØÒíâÞÙáâÐâìÕ,ÒÝÐáâÞïéØÙ
ÜÞÜÕÝââàãÔÝÞÔÞáâØÖØÜÞ.² ÚÞÝâÕÚáâÕÔØÝÐÜØÚØâÒÕàÔÞÓÞâÕÛÐßÞÛÕáæÕßÛÕÝØïàÐÒÝÞáØÛìÝÞ
áãÜÜÕÞÑëçÝÞÙáØÛëN ØáØÛëâàÕÝØïF f , ÔÕÙáâÒãîéÕÙÒP ØÜÞÜÕÝâÕM f . ÂÞÕáâìÜÞÜÕÝâM f

ßàÕÔáâÐÒÛïÕâáÞÑÞÙàÕ×ãÛìâØàãîéØÙÜÞÜÕÝâßÞÛït ÒP. ±ãÔÕÜØáßÞÛì×ÞÒÐâìáâÐÝÔÐàâÝëÕÒë-
àÐÖÕÝØïÔÛïN ØF f ØßàÕÔÛÞÖØÜÝÞÒÞÕÒëàÐÖÕÝØÕÔÛïM f .

¾ÑëçÝÐïáØÛÐ,ÔÕÙáâÒãîéÐïÝÐâÕÛÞÒP, ØÜÕÕâßàÕÔáâÐÒÛÕÝØÕN = N E 3. ºÞÓÔÐâÕÛÞÚÐ-
âØâáï,ßÞÛÐÓÐÕÜ,çâÞáØÛÐâàÕÝØïF f ØÜÕÕâßàÕÔáâÐÒÛÕÝØÕ

F f = Ff 1a1 + Ff 2a2; (3.1)

ÓÔÕÒÕÛØçØÝëFf 1 ØFf 2 ÞßàÕÔÕÛïîâáïáÞÓÛÐáÝÞ×ÐÚÞÝÐÜàÐÒÝÞÒÕáØï.ÁØÛÐF f ÞßàÕÔÕÛïÕâáïØ×

ÚàØâÕàØïáâÐâØçÕáÚÞÓÞâàÕÝØï
q

F 2
f 1 + F 2

f 2 6 � sjN j, ÓÔÕ� s � ßÞáâÞïÝÝëÙÚÞíääØæØÕÝâáâÐâØ-

çÕáÚÞÓÞâàÕÝØïºãÛÞÝÐ.ºÞÓÔÐâÕÛÞáÚÞÛì×Øâ, ßÞÛÐÓÐÕÜ,çâÞáØÛÐâàÕÝØïF f àÐÒÝÐ

F f = � � djN j
u1a1 + u2a2p

u2
1 + u2

2

= � � djN js; (3.2)

ÓÔÕ� d > 0 � (ßÞáâÞïÝÝëÙ)ÚÞíääØæØÕÝâÔØÝÐÜØçÕáÚÞÓÞâàÕÝØï.
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´Ûï ÜÞÜÕÝâÐM f ßàÞÒÞÔØÜßÐàÐÛÛÕÛìá ÒëàÐÖÕÝØÕÜ(3.2):

M f = �
3X

i =1

ki jN j (sign(! � ai )) ai ; (3.3)

ÓÔÕk1 > 0, k2 > 0 Øk3 > 0 ßÞáâÞïÝÝë.½ÕâàãÔÝÞßÞÝïâì, çâÞk1, k2 Øk3 ÑãÔãâ×ÐÒØáÕâìÞâ
àÐ×ÜÕàÝÞáâÕÙÞÑÛÐáâØÚÞÝâÐÚâÐA. ÇâÞÑëÞßàÐÒÔÐâìÝÐèÒëÑÞàáÞáâÐÒÛïîéØå! � a i Ò(3.3), ×Ð-
ÜÕâØÜ,çâÞa1 Øa2 ïÒÛïîâáï ÚÐáÐâÕÛìÝëÜØÚÓÞàØ×ÞÝâÐÛìÝÞÙßÛÞáÚÞáâØ,ÒÚÛîçÐîéÕÙâÕÛÞ,âÞÓÔÐ
ÚÐÚa3 = E3 ïÒÛïÕâáïÝÞàÜÐÛìîÚíâÞÙßÛÞáÚÞáâØ.¿ÞáÚÞÛìÚãA ÞßàÕÔÕÛïÕâáïßÞáàÕÔáâÒÞÜa1

Øa2, ÒëÑÞàíâØåáÞáâÐÒÛïîéØå,ÚÐÚßàÞâØÒÞßÞÛÞÖÝëå! � ei , ÚßàØÜÕàã, ÚÐÖÕâáïÑÞÛÕÕßÞÔåÞ-
ÔïéØÜ.¸ ÝÐÚÞÝÕæ,ßàÕÔßÞÛÞÖÕÝØÕ,çâÞk1, k2 Øk3 ÝÕïÒÛïîâáï ÞâàØæÐâÕÛìÝëÜØ,ÜÞâØÒØàãÕâáï
âÕÜãáÛÞÒØÕÜ,çâÞM f ÔØááØßØàãÕâíÝÕàÓØîÔØáÚÐ,â.Õ.M f � ! 6 0. ÍâÞ ãáÛÞÒØÕâÐÚÖÕÜÞÖÝÞ
ØÝâÕàßàÕâØàÞÒÐâìâÐÚ,çâÞM f ßàÞâØÒÞßÞÛÞÖÕÝÒàÐéÕÝØîâÒÕàÔÞÓÞâÕÛÐ.

¿ïâì áÞáâÐÒÛïîéØåk1, k2, k3, � s Ø� d, áÒï×ÐÝÝëåáF f ØM f , ÝÕÞÑåÞÔØÜÞÞßàÕÔÕÛØâìíÚáßÕ-
àØÜÕÝâÐÛìÝÞ.ÂÐÚÖÕÞâÜÕâØÜ,çâÞÒëàÐÖÕÝØÕÔÛïM f ÝÕïÒÛïÕâáïÕÔØÝáâÒÕÝÝëÜ.´ÕÙáâÒØâÕÛì-
ÝÞ,ÝÕáÚÞÛìÚÞÔàãÓØåÒëàÐÖÕÝØÙÞÑáãÖÔÐîâáïÒÛØâÕàÐâãàÕ(áÜ.,ÝÐßàØÜÕà,[11, 17]). º ßàØÜÕàã,
âÐÚÖÕÜÞÖÝÞÑëÛÞÑë ßàÕÔßÞÛÞÖØâì,çâÞM f ×ÐÒØáØâÞâF f . ¾ÔÝÐÚÞ,Üë ßÞÛÐÓÐÕÜ,çâÞ(3.3)
×ÐÔÐÕâÛÕÓÚÞßÞÔÔÐîéãîáï ÞÑàÐÑÞâÚÕäØ×ØçÕáÚØàÕÐÛØáâØçÕáÚãîÜÞÔÕÛì.

4. ÃàÐÒÝÕÝØïÔÒØÖÕÝØïÔÛïáÚÞÛì×ïéÕÓÞâÕÛÐ

ÃàÐÒÝÕÝØïÔÒØÖÕÝØïÔÛïáÚÞÛì×ïéÕÓÞâÕÛÐÜÞÖÝÞßÞÛãçØâì,ØáßÞÛì×ãïÑÐÛÐÝáÛØÝÕÙÝÞÓÞ
ØÜßãÛìáÐ

� mgE3 + N + F f = m _�v (4.1)

ØÑÐÛÐÝáãÓÛÞÒÞÓÞÜÞÜÕÝâÐ

(� Re3 � H e2) � (N + F f ) + M f = _H : (4.2)

² íâØåãàÐÒÝÕÝØïåF f ØM f ÞßØáëÒÐîâáïá ßÞÜÞéìî (3.2) Ø(3.3), áÞÞâÒÕâáâÒÕÝÝÞ.
´ÞßÞÛÝÕÝÝëÕãáÛÞÒØÕÜáÚÞÛìÖÕÝØïv P � E3 = 0 (4.1) Ø(4.2) áÞáâÐÒÛïîâáÕÜìãàÐÒÝÕÝØÙ

ÔÛïÞßàÕÔÕÛÕÝØïÝÕØ×ÒÕáâÝÞÙÞÑëçÝÞÙáØÛëN ØÔÒØÖÕÝØïâÕÛÐ.´ÕÙáâÒØâÕÛìÝÞ,Ø×(4.1) ÛÕÓÚÞ
ÒØÔÕâì,çâÞ

N = N E3 = m
�

g + d2

dt2
(H sin(� ) + R cos(� ))

�
E3: (4.3)

²ÜÕáâÞÝÕßÞáàÕÔáâÒÕÝÝÞÓÞàÕèÕÝØïÔÛïÔÒØÖÕÝØïæÕÝâàÐÜÐááØÞàØÕÝâÐæØØÔØáÚÐãÔÞÑÝëÜïÒ-
ÛïÕâáïÒÒÕÔÕÝØÕÔØääÕàÕÝæØÐÛìÝëåãàÐÒÝÕÝØÙ,×ÐÔÐîéØåáÚÞàÞáâØáÚÞÛìÖÕÝØïu1 Øu2 ÒÜÕáâÕ
áãÓÛÞÒëÜØáÚÞàÞáâïÜØ! 1, ! 2 Ø! 3 ØãÓÛÞÜÝÐÚÛÞÝÐ� . ÍâØ ãàÐÒÝÕÝØïßÞÛãçÐîâáïØ×(4.1) Ø(4.2)
á ßÞÜÞéìî (2.8). ÂÞÓÔÐàÕèÕÝØïíâØåãàÐÒÝÕÝØÙÜÞÖÝÞØáßÞÛì×ÞÒÐâìÔÛïÞßàÕÔÕÛÕÝØïßÞÛÞÖÕ-
ÝØïæÕÝâàÐÜÐáá�x ØãÓÛÞÒÍÙÛÕàÐ� (t), � (t) Ø (t). ¿àÕÖÔÕçÕÜ×ÐßØáÐâìíâØãàÐÒÝÕÝØï,ÒÒÞÔØÜ
áÛÕÔãîéØÕáÞÞâÝÞèÕÝØï,ÑÕ×àÐ×ÜÕàÝëÕáÚÞàÞáâØØÑÕ×àÐ×ÜÕàÝÞÕÒàÕÜï

h = H
R

; bu� =
�

�
R

�
u� ; b! i = �! i ; � = t

� ; (4.4)

ÓÔÕ

� =

s �
k2 + 4

4

�
R
g : (4.5)
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² ÔÞßÞÛÝÕÝØÕÚíâÞÜãáÞáâÐÒÛïîéÐïÑÕ×àÐ×ÜÕàÝÞÙÞÑëçÝÞÙáÚÞàÞáâØáÞÓÛÐáÝÞ(4.3) ØÜÕÕâÒØÔ

� =

 
� 2

mR

!

N = k2 + 4
4

+ d2

d� 2
(cos(� ) + h sin(� )) : (4.6)

¿ÞáÚÞÛìÚãíâÞÝÕÞÑåÞÔØÜÞÔÛïÚÞÝâÐÚâÐÔØáÚÐáÓÞàØ×ÞÝâÐÛìÝÞÙßÛÞáÚÞáâìî,ßàÕÔßÞÛÞÖØÜ,çâÞ
ÒÕÛØçØÝÐ� ïÒÛïÕâáïáâàÞÓÞßÞÛÞÖØâÕÛìÝÞÙ.

´ØääÕàÕÝæØÐÛìÝëÕãàÐÒÝÕÝØïØÜÕîâÒØÔ

du1

d�
+

d! 2

d�
� h

d! 3

d�
= ! 3 sec(� )(u2 � ! 1e) � � d� cos(� );

du2

d�
� e

d! 1

d�
= � ! 3 sec(� )(u1 + ! 2 � h! 3) + f ! 2

1 � � d� sin(� );

d�
d�

= ! 1;
 

1 + 4h2

3k2
+

4f 2

k2

!
d! 1

d�
= ! 3

�
2! 2 �

�
1 + 4h2

3k2

�
! 3 tan(� )

�
�

� f
�

1 + 4
k2

�
+

�
4ef

k2

�
! 2

1 �

�
�

4� de

k2

�
� sin(� ) �

�
4k1

k2R

�
� sign(! 1);

d! 2

d�
=

�
2� d

k2

�
� cos(� ) �

 
2�k2

k2R

!

� ;

�
1 + 4h2

3k2

�
d! 3

d�
= � ! 1

�
2! 2 �

�
1 + 4h2

3k2

�
! 3 tan(� )

�
�

�
�

4� dh

k2

�
� cos(� ) �

 
4�k3

k2R

!

� : (4.7)

² ÔÐÝÝÞÜáÛãçÐÕ,ÔÛïãÔÞÑáâÒÐÜë ÞßàÕÔÕÛØÛØ

�k2 = k2 cos(� )sign(! � a2) + k3 sin(� )sign(! � a3);
�k3 = k3 cos(� )sign(! � a3) � k2 sin(� )sign(! � a2); (4.8)

Ø

e = h sin(� ) + cos(� ); f = de
d�

= h cos(� ) � sin(� ): (4.9)

² (4.7) á ßÞÜÞéìî ßÞÔçÕàÚØÒÐÝØïáÒÕàåãÞÑÞ×ÝÐçÕÝëÑÕ×àÐ×ÜÕàÝëÕßÕàÕÜÕÝÝëÕ.ÃàÐÒÝÕÝØï
(4.7)1;2 ÑëÛØßÞÛãçÕÝëØ×(2.8), ÓÔÕ_�v � a� ÑëÛÐÞßàÕÔÕÛÕÝÐá ßÞÜÞéìî a� áÞáâÐÒÛïîéÕÙ(4.1).
¾áâÐÛìÝëÕçÕâëàÕÔØääÕàÕÝæØÐÛìÝëÕãàÐÒÝÕÝØï(4.7)3;4;5;6 ÑëÛØßÞÛãçÕÝëßÞáàÕÔáâÒÞÜ(2.2)
Øei áÞáâÐÒÛïîéØå(4.2). ´Ûï ÒëïÒÛÕÝØïàÞÛØÔØááØßÐâØÒÝëåçÛÕÝÞÒ(4.7) Üë ÒÞ×ÔÕàÖÐÛØáìÞâ
×ÐÜÕÝëÔÛï� , ØáßÞÛì×ãï(4.6). ¾ÔÝÐÚÞ,ßàÕÖÔÕçÕÜçØáÛÕÝÝÞØÝâÕÓàØàÞÒÐâì(4.7), ÒëßÞÛÝØÜíâã
×ÐÜÕÝã.
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5. ÃàÐÒÝÕÝØïÔÒØÖÕÝØïÔÛïÚÐâïéÕÓÞáïâÕÛÐ

ºÞÓÔÐâÕÛÞÚÐâØâáï,ÞÓàÐÝØçÕÝØÕv P = 0 ØãàÐÒÝÕÝØÕ(2.8) ÜÞÖÝÞØáßÞÛì×ÞÒÐâìÔÛïÒëçØá-
ÛÕÝØïãáÚÞàÕÝØïæÕÝâàÐÜÐááÝÐÞáÝÞÒÕÒàÐéÐâÕÛìÝÞÙÚØÝÕÜÐâØÚØâÕÛÐ

_�v � a1 = _� (R! 1 cos(� ) + H ! 1 sin(� )) + R _! 2 � H _! 3;

_�v � a2 = _� (R! 2 � H ! 3) + d
dt

((R cos(� ) + H sin(� )) ! 1) : (5.1)

ÁÛÕÔãïÀÐãáã(1905),ÔÛïÒëçØáÛÕÝØïÒëàÐÖÕÝØÙÔÛïáØÛN ØF f ÒÚÐçÕáâÒÕäãÝÚæØÙÒàÐéÐâÕÛì-
ÝÞÙÚØÝÕÜÐâØÚØÜÞÖÝÞØáßÞÛì×ÞÒÐâì(5.1) ÒÜÕáâÕá àÐÒÝÞÒÕáØÕÜÛØÝÕÙÝÞÓÞØÜßãÛìáÐÒäÞàÜÕ
(4.1). ¿àÕÝÕÑàÕÓÐïÔÕâÐÛïÜØ,ÑÕ×àÐ×ÜÕàÝÐïäÞàÜÐíâØåáØÛØÜÕÕâÒØÔ

bF f =

 
� 2

mR

!

F f =
�

d! 2

d�
� h

d! 3

d�
+ e! 1! 3 sec(� )

�
a1 +

+
�

� e
d! 1

d�
� f ! 2

1 + (! 2 � h! 3) ! 3 sec(� )
�

a2; (5.2)

� E3 =
�

k2 + 4
4

+ d2e
d� 2

�
E3:

ÁÛÕÔãÕâÞâÜÕâØâì,çâÞãàÐÒÝÕÝØÕ(5.2)2, ÚÐÚØÞÖØÔÐÛÞáì,âÞÖÔÕáâÒÕÝÝÞ(4.6), Üë ßàÕÝÕÑàÕÓÛØ
ßÞÔçÕàÚØÒÐÝØÕÜáÒÕàåã, ÞÑÞ×ÝÐçÐîéØÜÑÕ×àÐ×ÜÕàÝëÕáÚÞàÞáâØÒ(5.2).

±ÐÛÐÝáãÓÛÞÒÞÓÞÜÞÜÕÝâÐÚÐâïéÕÓÞáïâÕÛÐØáßÞÛì×ãÕâáïÒáÞÒÞÚãßÝÞáâØá (5.2) ÔÛïÞßàÕ-
ÔÕÛÕÝØïÔØääÕàÕÝæØÐÛìÝëåãàÐÒÝÕÝØÙ,ÞßØáëÒÐîéØåÒàÐéÕÝØÕÚÐâïéÕÓÞáïâÕÛÐ.¿àÕÝÕÑàÕ-
ÓÐïÔÕâÐÛïÜØØÝÕÞßàÕÔÕÛïïàÐ×ÜÕàÝÞáâìßÞÛãçÐîéØåáïãàÐÒÝÕÝØÙ,ÝÐåÞÔØÜáÛÕÔãîéØÕçÕâëàÕ
ÔØääÕàÕÝæØÐÛìÝëÕãàÐÒÝÕÝØïßÕàÒÞÓÞßÞàïÔÚÐ

d�
d�

= ! 1;
�

1 + 4
k2

+ 16h2

3k2

�
d! 1

d�
= ! 3

�
2! 2 �

�
1 + 4h2

3k2

�
! 3 tan( � )

�
+

+
�

4e
k2

�
! 3sec(� ) (! 2 � h! 3) �

� f
�

1 + 4
k2

�
�

�
4k1

k2R

�
� ;

d! 2

d�
�

�
2h

k2 + 2

�
d! 3

d�
= �

�
2e

k2 + 2

�
! 1! 3 sec(� ) � (5.3)

�

 
2�k2

(k2 + 2)R

!

� ;

�
1 + 16h2

3k2

�
d! 3

d�
�

�
4h
k2

�
d! 2

d�
= � ! 1

�
2! 2 �

�
1 + 4h2

3k2

�
! 3 tan( � )

�
+

+
�

4he
k2

�
! 1! 3 sec(� ) �

 
4�k3

k2R

!

� :

ºÐÚØÒáÛãçÐÕáÚÞÛìÖÕÝØï,Üë ÕéÕÝÕáÔÕÛÐÛØ×ÐÜÕÝãÔÛï� , ØáßÞÛì×ãï(5.2)2 Ò(5.3), ßÞÔçÕàÚØ-
ÒÐÝØÕáÒÕàåãÞÑÞ×ÝÐçÐÕâÑÕ×àÐ×ÜÕàÝëÕßÕàÕÜÕÝÝëÕ.¾ÔÝÐÚÞ,ßÕàÕÔâÕÜÚÐÚçØáÛÕÝÝÞØÝâÕÓàØàÞ-
ÒÐâì(5.3), ÒëßÞÛÝØÜíâã ×ÐÜÕÝã.
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¼ÞÖÝÞßàÞÒÕáâØ×ÐÜÕÝãàÕèÕÝØÙ̂! i (� ) Ø� (� ) Ø×(5.3) Ò(5.2) ÔÛïÞßàÕÔÕÛÕÝØïF f ØN Ò
ÚÐçÕáâÒÕäãÝÚæØÙÒàÕÜÕÝØ.¸å âÐÚÖÕÜÞÖÝÞØáßÞÛì×ÞÒÐâìÔÛïÞßàÕÔÕÛÕÝØïÞàØÕÝâÐæØØâÕÛÐÒ
ÚÐçÕáâÒÕäãÝÚæØØÒàÕÜÕÝØ,ÐØáßÞÛì×ãïãáÛÞÒØÕÚÐçÕÝØïv P = 0, ØÔÛïÞßàÕÔÕÛÕÝØï�x(t).

6. ·ÐÜÕçÐÝØïÞàÕÓãÛØàãîéØåãàÐÒÝÕÝØïå

6.1. ¸ÝâÕÓàØàÞÒÐÝØÕ

² áÒÞØåßÛÞÔÞâÒÞàÝëåàÐÑÞâÐå°ßßÕÛÛì[1] ØºÞàâÕÒÕÓ[7] ßÞÚÐ×ÐÛØ,çâÞãàÐÒÝÕÝØïÔÒØÖÕÝØï
ÔÛïÚÐâïéÕÓÞáïÔØáÚÐ(ÓÔÕM f = 0) ÜÞÖÝÞØÝâÕÓàØàÞÒÐâìÐÝÐÛØâØçÕáÚØÔÛïÞßàÕÔÕÛÕÝØï� (t)
Ø! i (t).2 °ßßÕÛÛì[1] ãÚÐ×ÐÛ,çâÞãàÐÒÝÕÝØïÔÒØÖÕÝØïÔÛïÚÐâïéÕÓÞáïâÕÛÐæØÛØÝÔàØçÕáÚÞÙäÞà-
Üë, ÞÑáãÖÔÐÕÜÞÓÞÒÝÐáâÞïéÕÙáâÐâìÕ,âÐÚÖÕØÜÕîâíâã ÞáÞÑÕÝÝÞáâì.¼ÕâÞÔ,á ßÞÜÞéìî ÚÞâÞ-
àÞÓÞÞÝßàÞÔÕÜÞÝáâàØàÞÒÐÛíâØàÕ×ãÛìâÐâë,ÜÞÖÝÞßàØÜÕÝØâìÚãàÐÒÝÕÝØïÜ,ãßàÐÒÛïîéØÜÔÒØ-
ÖÕÝØÕÜáÚÞÛì×ïéÕÓÞâÕÛÐ,ÞÑáãÖÔÐÕÜëÜÒíâÞÙáâÐâìÕ,ÞÑÕáßÕçØÒÐïãáÛÞÒØïM f = 0 Ø� d = 0.

ºÞÓÔÐM f 6= 0 ÔÛïÚÐâïéÕÓÞáïâÕÛÐæØÛØÝÔàØçÕáÚÞÙäÞàÜë, ÐM f 6= 0 ØÛØ� d 6= 0 ÔÛï
áÚÞÛì×ïéÕÓÞâÕÛÐæØÛØÝÔàØçÕáÚÞÙäÞàÜë, ÜÕâÞÔ°ßßÕÛÛïØºÞàâÕÒÕÓÐÑÞÛìèÕÝÕßàØÜÕÝØÜ.
´ÕÙáâÒØâÕÛìÝÞ,Üë ÝÕáÜÞÓÛØßàÞØÝâÕÓàØàÞÒÐâì(4.7) ØÛØ(5.3) ÒíâØåáÛãçÐïå.¿ÞíâÞÜãÜë ßàØ-
ÑÕÓÐÛØÚçØáÛÕÝÝÞÜãÜÞÔÕÛØàÞÒÐÝØîãàÐÒÝÕÝØÙâÒÕàÔÞÓÞâÕÛÐ.

6.2. ¿ÕàÕåÞÔëÞâÚÐçÕÝØïØÚÚÐçÕÝØî

´Ûï ßàÕÔáâÐÒÛÕÝØïÜÞÔÕÛØàÞÒÐÝØïÜë ÔÐÕÜÞßØáÐÝØÕÜÝÞÖÕáâÒÐÝÐçÐÛìÝëåãáÛÞÒØÙÔÛï
âÒÕàÔÞÓÞâÕÛÐ:�v(t0), ! (t0) Ø� (t0). ¸ááÛÕÔãÕÜàÕ×ãÛìâØàãîéãî áÚÞàÞáâìP, çâÞÑëÒëïáÝØâì,
âÕÛÞáÚÞÛì×ØâØÛØÚÐâØâáï.² ×ÐÒØáØÜÞáâØÞâv P ØÝâÕÓàØàãÕâáïÛØÑÞáØáâÕÜÐ(5.3) ÒáÛãçÐÕÚÐçÕ-
ÝØï,ÛØÑÞ(4.7)ÒáÛãçÐÕáÚÞÛìÖÕÝØï.½ÐÚÐÖÔÞÙáâÐÔØØØÝâÕÓàØàÞÒÐÝØï(5.3) ØááÛÕÔãÕâáïÚàØâÕ-
àØÙáâÐâØçÕáÚÞÓÞâàÕÝØïÔÛïßÞÔâÒÕàÖÔÕÝØïâÞÓÞäÐÚâÐ,çâÞÒÞÒàÕÜïÚÐçÕÝØïâÕÛÐßàØáãâáâÒãÕâ
ÔÞáâÐâÞçÝÞÕáâÐâØçÕáÚÞÕâàÕÝØÕ.µáÛØíâÞâÚàØâÕàØÙÝÐàãèÐÕâáï,âÞâÕÛÞÝÐçØÝÐÕâáÚÞÛì×Øâì�
âÞÓÔÐØáßÞÛì×ãÕÜ(4.7).½ÐçÐÛìÝÞÕÝÐßàÐÒÛÕÝØÕáÚÞÛìÖÕÝØïs (ØÛØãÓÞÛ� ) ÞßàÕÔÕÛïÕâáïßÞáàÕÔ-
áâÒÞÜØááÛÕÔÞÒÐÝØïÝÐßàÐÒÛÕÝØïF f (áÜ.(5.2)) ÒâÕÚãéØÙÜÞÜÕÝâÔÞÝÐàãèÕÝØïÚàØâÕàØïáâÐ-
âØçÕáÚÞÓÞâàÕÝØï,ÐÝÐçÐÛìÝÐïáÚÞàÞáâìáÚÞÛìÖÕÝØïu ×ÐÔÐÕâáïÜÐÛÞÙßàÕÔßØáÐÝÝÞÙÒÕÛØçØÝÞÙ.
²Þ ÒàÕÜïçØáÛÕÝÝÞÓÞØÝâÕÓàØàÞÒÐÝØï(4.7) Üë ÝÕßàÕàëÒÝÞÝÐÑÛîÔÐÕÜ×ÐáÚÞàÞáâìîáÚÞÛìÖÕ-
ÝØï.¿ÞáÚÞÛìÚãÒÕÛØçØÝÐáÚÞàÞáâØáÚÞÛìÖÕÝØïáâÐÝÞÒØâáïÜÕÝìèÕ,çÕÜÞßØáÐÝÝÐïÔÞßãáâØÜÐï,
âÕÛÞßÞÛÐÓÐÕâáïÚÐâïéØÜáï,ÐçØáÛÕÝÝÞÕØÝâÕÓàØàÞÒÐÝØÕßàÞØ×ÒÞÔØâáïÔÛïáØáâÕÜë(5.3).

6.3. °ÚâØÒÝëÕàÐ×ÜëèÛÕÝØï

±Õ×àÐ×ÜÕàÝÐïÞÑéÐïíÝÕàÓØï~E âÕÛÐØÜÕÕâÒØÔ

~E =

 
� 2

mR2

!

E = 1
2

(u1 + ! 2 � h! 3)2 + 1
2

(u2 + e! 1)2 +

+ 1
2

�
k2

4
+ h2

3

�
�
! 2

1 + ! 2
3

�
+

�
k2

4

�
! 2

2 + (6.1)

+
�

k2 + 4
4

�
(e � h) :

2´ÐÛìÝÕÙèØÕÔÕâÐÛØØÞÑÞÑéÕÝØïÞàÐÑÞâÕ°ßßÕÛÛïØºÞàâÕÒÕÓÐÜÞÖÝÞÝÐÙâØÒ[4, 12].
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¼ë áÝÞÒÐßàÕÝÕÑàÕÓÛØßÞÔçÕàÚØÒÐÝØÕÜáÒÕàåã, ÞÑÞ×ÝÐçÐîéØÜÑÕ×àÐ×ÜÕàÝëÕáÚÞàÞáâØÒíâÞÜ
ãàÐÒÝÕÝØØ.ºÞÓÔÐM f = 0 Ø� d > 0, ÛÕÓÚÞÔÞÚÐ×ÐâìÝÕÞÑåÞÔØÜÞáâìáÞåàÐÝÕÝØïíÝÕàÓØØE ÚÐâï-
éÕÓÞáïâÒÕàÔÞÓÞâÕÛÐßÞáàÐÒÝÕÝØîáâÕÜ,çâÞÞÝÐÜÞÝÞâÞÝÝÞãÜÕÝìèÐÕâáïÔÛïáÚÞÛì×ïéÕÓÞâÕÛÐ.
² ÔÞßÞÛÝÕÝØØÚíâÞÜã, ÚÞÓÔÐM f 6= 0, E ÜÞÝÞâÞÝÝÞãÜÕÝìèÐÕâáïÔÛïÚÐâïéÕÓÞáïâÒÕàÔÞÓÞâÕÛÐ.
² ÚÐçÕáâÒÕßàÞÒÕàÚØçØáÛÕÝÝÞÓÞÜÞÔÕÛØàÞÒÐÝØïÑëÛÞØáßÞÛì×ÞÒÐÝÞÒëèÕãßÞÜïÝãâÞÕßÞÒÕÔÕÝØÕ
ÞÑéÕÙíÝÕàÓØØ.

7. ¼ÞÔÕÛØàÞÒÐÝØï

´Ûï ÜÞÔÕÛØàÞÒÐÝØïØáßÞÛì×ãÕÜ×ÝÐçÕÝØÕÔÛïàÕÐÛìÝÞÓÞÔØáÚÐÍÙÛÕàÐ

k = 1; R = 3:755cm; L = 1:28cm; m = 0:4387kg: (7.1)

ÁÛÕÔÞÒÐâÕÛìÝÞ,

h = 7:51
1:28

; � = 0:0691712: (7.2)

½ÕÞÑåÞÔØÜÞÞâÜÕâØâì,çâÞØÝâÕàÒÐÛ� , áÞÞâÒÕâáâÒãîéØÙ100, âÞÖÔÕáâÒÕÝØÝâÕàÒÐÛãÒàÕÜÕÝØÒ
6:91712áÕÚãÝÔ.

´Ûï ÜÞÔÕÛØàÞÒÐÝØï,àÕ×ãÛìâÐâëÚÞâÞàÞÓÞßàÕÔáâÐÒÛÕÝëÝÐàØá.3� 6, ØáßÞÛì×ÞÒÐÛÞáìáÛÕ-
ÔãîéÕÕÜÝÞÖÕáâÒÞÚÞíääØæØÕÝâÞÒâàÕÝØï:

� s = 0:5; � k = 0:3;
k1

R
= 0:0001;

k2

R
= 0:0008;

k3

R
= 0:008: (7.3)
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ÀØá.3. (a) ²ÐàØÐæØïãÓÛÐ� (àÐÔØÐÝë)á ÑÕ×àÐ×ÜÕàÝëÜÒàÕÜÕÝÕÜ� . (b) ÁÝØÖÕÝØÕÑÕ×àÐ×ÜÕàÝÞÙ
ÞÑéÕÙíÝÕàÓØØ̂E ÔØáÚÐ.
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ÀØá.4. (a) ²ÐàØÐæØïÑÕ×àÐ×ÜÕàÝÞÙÞÑëçÝÞÙáØÛë� á ÑÕ×àÐ×ÜÕàÝëÜÒàÕÜÕÝÕÜ� . (b) � ÇÐáâÞâÐ�
f̂ ÞÑëçÝÞÙáØÛëÒÚÐçÕáâÒÕäãÝÚæØØÑÕ×àÐ×ÜÕàÝÞÓÞÒàÕÜÕÝØ� . ´Ûï ÔØáÚÐÍÙÛÕàÐ×ÝÐçÕÝØÕ̂f =
= 2:5 áÞÞâÒÕâáâÒãÕâçÐáâÞâÕ36Hz.

ÍâØ ×ÝÐçÕÝØïÜÞÖÝÞàÐááÜÐâàØÒÐâìÚÐÚåÐàÐÚâÕàÝëÕ,ÝÞÒÞ×ÜÞÖÝÞÞÝØÞâÛØçÐîâáïÞâ×ÝÐçÕÝØÙ
àÕÐÛìÝÞÓÞÔØáÚÐÍÙÛÕàÐ.

ÅÐàÐÚâÕàÝÞÕÜÝÞÖÕáâÒÞÝÐçÐÛìÝëåãáÛÞÒØÙÔÛïÔØáÚÐÍÙÛÕàÐÒÞ×ÝØÚÐÕâ, ÚÞÓÔÐÕÓÞÝÐÚÛÞ-
Ýïîâ ÚÓÞàØ×ÞÝâÐÛìÝÞÙßÛÞáÚÞáâØØ×ÐÔÐîâÝÐçÐÛìÝãîãÓÛÞÒãîáÚÞàÞáâìÞÚÞÛÞe3. ÁÛÕÔãïíâÞÜã
áæÕÝÐàØî,ÒÜÞÔÕÛØàÞÒÐÝØØØáßÞÛì×ãÕÜáÛÕÔãîéÕÕÜÝÞÖÕáâÒÞÝÐçÐÛìÝëåãáÛÞÒØÙ:

�x(t = 0) = 0; vP (t = 0) = 0; !̂ (t = 0) = � e3;
� (t = 0) = 1:0; � (t = 0) = 0:0; � (t = 0) = 0:0:

(7.4)

ÁáëÛÐïáì ÝÐàØá.3, ÒØÔØÜ,çâÞãÓÞÛ� áâàÕÜØâáïÚ �
2

, ßÞáÚÞÛìÚãÔÛïíâÞÓÞÜÞÔÕÛØàÞÒÐÝØïÒàÕÜï

ãÒÕÛØçØÒÐÕâáï.ÁÞÞâÒÕâáâÒÕÝÝÞÞÑéÐï íÝÕàÓØïÔØáÚÐãÜÕÝìèÐÕâáï.ÁÝØÖÕÝØÕ̂E ÒáàÐÒÝÕÝØØá
ÓàÐäØÚÞÜ� ÜÞÖÝÞØáßÞÛì×ÞÒÐâì,çâÞÑëÒëïáÝØâì,ÔØáÚÚÐâØâáïØÛØáÚÞÛì×Øâ.

¾âÜÕâØÜ,çâÞáÞ×ÔÐÝÝÐïÝÐÜØÜÞÔÕÛìÔÛïÔØáÚÐÍÙÛÕàÐÝÕÞÑÛÐÔÐÕâáØÝÓãÛïàÝÞáâìîÚÞ-
ÝÕçÝÞÓÞÒàÕÜÕÝØ.²ëßÞÛÝïï ÜÞÔÕÛØàÞÒÐÝØÕÔÛïÔÞáâÐâÞçÝÞÑÞÛìèÞÓÞßÕàØÞÔÐÒàÕÜÕÝØ,ÜÞÖÝÞ
ÔÞáâØÓÝãâìÚÞÝÕçÝëå×ÝÐçÕÝØÙ� , ÚÞâÞàëÕßàØÜÕåÐÝØçÕáÚÞÙâÞçÝÞáâØßàÞØ×ÒÞÛìÝÞÑÛØ×ÚØ�

2
.

¸áåÞÔï Ø×ÝÕáÚÞÛìÚØåÔàãÓØåÜÞÔÕÛØàÞÒÐÝØÙ,ÝÐåÞÔØÜ,çâÞÒàÕÜï,Ò×ïâÞÕÔÛï� , ÔÛïÔÞáâØÖÕ-
ÝØï×ÝÐçÕÝØïßàÞØ×ÒÞÛìÝÞÑÛØ×ÚÞÓÞ�

2
×ÐÒØáØâÞâ×ÝÐçÕÝØïßÐàÐÜÕâàÞÒ� d, k1, k2 Øk3 (áÜ.(7.3)).

´ÕÙáâÒØâÕÛìÝÞ,ãÒÕÛØçØÒÐï×ÝÐçÕÝØÕíâØåßÐàÐÜÕâàÞÒ,ÜÞÖÝÞÞßØáÐâìíâÞ ÒàÕÜï.

´ÕÙáâÒãîéÐïÝÐÔØáÚÝÞàÜÐÛìÝÐïáØÛÐ� ØÜÕÕâÝÕÞÑëçÝÞÕÒàÕÜÕÝÝ�ÞÕßÞÒÕÔÕÝØÕ.ºÐÚßÞÚÐ-
×ÐÝÞÝÐàØá.4,áÞÞâÒÕâáâÒãîéÐïíâÞÙáØÛÕçÐáâÞâÐ̂f ÒÞ×àÐáâÐÕâáßàØÑÛØÖÕÝØÕÜÚÝãÛî ×ÝÐçÕÝØï
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ÀØá.5. ÂàÐÕÚâÞàØïæÕÝâàÐÜÐááÔØáÚÐ.½ÐíâÞÜàØá.̂x = ( �x � E1)=R andŷ = ( �x � E2)=R.

<�= <

<�= <

> ?

<�<�=

@�A

<�=
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B

>

ÀØá.6. ÃÓÛÞÒÐïáÚÞàÞáâìd�
d�

= !̂ 3 sec(� ) ÒÚÐçÕáâÒÕäãÝÚæØØÑÕ×àÐ×ÜÕàÝÞÓÞÒàÕÜÕÝØ� .

ãÓÛÐÝÐÚÛÞÝÐÔØáÚÐ3. ² áÛãçÐÕãÓÛÞÒÞÙáÚÞàÞáâØd�
d�

àØáãÝÞÚØÜÕÕâ, ÑÞÛìèÕÙçÐáâìî, ØÔÕÝâØçÝëÙ

ÒØÔ.ÃÒÕÛØçÕÝØÕf̂ , ÝÐÑÛîÔÐÕÜÞÕÝÐàØá4(b), ÒÚÐçÕáâÒÕÝÝÞÜ(ÝÞÝÕÒÚÞÛØçÕáâÒÕÝÝÞÜ)áÜëáÛÕ

ÐÝÐÛÞÓØçÝÞàÕ×ãÛìâÐâÐÜÔÛïd�
d�

, ßÞÛãçÕÝÝëÜÒ[8]. ¸× àØáãÝÚÐ4(a) ÒØÔÝÞ,çâÞ�( � ) ØÜÕÕâÒÕáìÜÐ

ÝÐáëéÕÝÝëÙáßÕÚâà.´àãÓÐïØÝâÕàÕáÝÐïÞáÞÑÕÝÝÞáâìáÞáâÞØâÒâÞÜ,çâÞÝÞàÜÐÛìÝÐïáØÛÐÝØÚÞ-
ÓÔÐÝÕÑëÒÐÕâàÐÒÝÞÙÝãÛî. ´àãÓØÜØáÛÞÒÐÜØ,ÔØáÚÝÕâÕàïÕâÚÞÝâÐÚâÐá ßÞÒÕàåÝÞáâìî.

¾ßàÕÔÕÛÕÝÝëÙØÝâÕàÕáßàÕÔáâÐÒÛïÕââÐÚÖÕßÞÒÕÔÕÝØÕæÕÝâàÐÜÐááßàØãÜÕÝìèÕÝØØãÓÛÐ
ÝÐÚÛÞÝÐÔØáÚÐ�

2
� � . ½ÐàØá.5 ßÞÚÐ×ÐÝëßÛÞáÚÞáâÝëÕíÛÕÜÕÝâë̂x(� ) ßàØÒëÑàÐÝÝëåßÐàÐÜÕâ-

àÐåØåÐàÐÚâÕàÝëåÝÐçÐÛìÝëåãáÛÞÒØïå.·ÐÜÕâØÜ,çâÞá ãÜÕÝìèÕÝØÕÜãÓÛÐÝÐÚÛÞÝÐßÛÞáÚÞáâÝÞÕ
ÔÒØÖÕÝØÕæÕÝâàÐÜÐááÔØáÚÐáØÛìÝÞ×ÐÜÕÔÛïÕâáï,ßÞÚÐÝÕáâÐÝÕâßÞçâØßàÕÝÕÑàÕÖØÜëÜ.½ÐÚÞ-
ÝÕæ,Üë âÐÚÖÕåÞâÕÛØÑë ÞâÜÕâØâì,çâÞàÕ×ãÛìâÐâëÝÐàØá.6 ØÛÛîáâàØàãîâáãéÕáâÒÕÝÝëÙàÞáâ
d�
d�

ßÞÜÕàÕâÞÓÞ,ÚÐÚÔØáÚßàØÝØÜÐÕâÓÞàØ×ÞÝâÐÛìÝÞÕßÞÛÞÖÕÝØÕ.¾áÞÑÕÝÝÞáâØßÞÒÕÔÕÝØïæÕÝâàÐ

ÜÐááØãÓÛÞÒÞÙáÚÞàÞáâØd�
d�

ÞâÜÕçÐîâáïâÐÚÖÕÒàÐÑÞâÐåá íÚáßÕàØÜÕÝâÐÛìÝëÜØØááÛÕÔÞÒÐâÕÛï-

ÜØßÞÔØáÚãÍÙÛÕàÐ,ØÝáßØàØàÞÒÐÝÝëå,ÑÕ×áÞÜÝÕÝØï,áâÐâìÕÙ¼ÞääÐââÐ[9],áÞÔÕàÖÐéÕÙÐÝÐÛØ×
ÔØÝÐÜØÚØÔØáÚÐÍÙÛÕàÐ.

3ÇÐáâÞâã̂f ÒëçØáÛïÛØØ×�( � ), ÞßàÕÔÕÛïïÒàÕÜïT ÜÕÖÔãâàÕÜïßÞáÛÕÔÞÒÐâÕÛìÝëÜØßØÚÐÜØØßÞÛÞÖØÒ̂f = 2=T.
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8. ·ÐÚÛîçØâÕÛìÝëÕ×ÐÜÕçÐÝØïØÓØßÞâÕ×Ð

Ã ÔØáÚÐÍÙÛÕàÐØÜÕîâáïÔÒÕÛîÑÞßëâÝëÕÞáÞÑÕÝÝÞáâØ,ßàØÒÛÕÚèØÕÚáÕÑÕÝÕÜÐÛëÙØÝâÕ-
àÕá:ßÕàÒÐïÞáÞÑÕÝÝÞáâì×ÐÚÛîçÐÕâáïÒãÒÕÛØçÕÝØØáÛëèØÜÞÙçÐáâÞâëÔØáÚÐßàØÕÓÞßÐÔÕÝØØ,
ÐÒâÞàÐï� ÒàÕ×ÚÞÜßàÕÚàÐéÕÝØØÔÒØÖÕÝØï.½ÐèÐÜÞÔÕÛìßÞÚÐ×ëÒÐÕâ, çâÞçÐáâÞâÐÔÒØÖÕÝØï
ãÒÕÛØçØÒÐÕâáïßÞÜÕàÕßÐÔÕÝØïÔØáÚÐ.ÍâÞ, ÞÔÝÐÚÞ,ÝÕïÒÛïÕâáïÓÛÐÒÝëÜØáâÞçÝØÚÞÜ×ÒãÚÐÒ
áØáâÕÜÕ.·ÒãÚÞÑàÐ×ãÕâáï×ÐáçÕâÒØÑàØàÞÒÐÝØïáÐÜÞÓÞÔØáÚÐØßÞÒÕàåÝÞáâØ,ßÞÚÞâÞàÞÙÞÝÔÒØ-
ÖÕâáï.¿ÞáÚÞÛìÚãÒÚÐçÕáâÒÕíâØåÞÑêÕÚâÞÒÜë ØáßÞÛì×ãÕÜÜÞÔÕÛØÒ×ØÜÞÔÕÙáâÒãîéØåâÒÕàÔëå
âÕÛ,Üë ÝÕÜÞÖÕÜãçÕáâìÒÝØåíâã ÒØÑàÐæØî.¾ÔÝÐÚÞÜë ßÞÛÐÓÐÕÜ,çâÞÜÕàÞÙÒÞ×ÔÕÙáâÒØï,Øá-
ßëâëÒÐÕÜÞÓÞÔØáÚÞÜØßÞÒÕàåÝÞáâìî,ÜÞÖÕâáÛãÖØâìßÞÒÕÔÕÝØÕÝÞàÜÐÛìÝÞÙáØÛë.ÍâÞ ÒÞ×ÔÕÙ-
áâÒØÕÑãÔÕâÓÕÝÕàØàÞÒÐâìàÕÖØÜëÒØÑàÐæØØÔØáÚÐØ,áÛÕÔÞÒÐâÕÛìÝÞ,ßÞàÞÖÔÐâì×ÒãÚ.¾âÜÕâØÜ,
çâÞßàØØááÛÕÔÞÒÐÝØØÒØÑàÐæØØÔØáÚÐÍÙÛÕàÐäØàÜëTangentToysá ßÞÜÞéìî ÜÕâÞÔÐÚÞÝÕçÝëå
íÛÕÜÕÝâÞÒÑëÛÞãáâÐÝÞÒÛÕÝÞ,ßÞÜÕÝìèÕÙÜÕàÕ,çÕâëàÕàÕÖØÜÐÒØÑàÐæØØÒÔØÐßÐ×ÞÝÕáÛëèØÜëå
çÕÛÞÒÕÚÞÜçÐáâÞâ4. ¼ë ßàÕÔßÞÛÐÓÐÕÜ,çâÞÒßàÞæÕááÕßÐÔÕÝØïÔØáÚÐÒØÑàÐæØØÔØáÚÐØßÞÒÕàåÝÞ-
áâØßàØÒÕÔãâ, ÒÚÞÝæÕÚÞÝæÞÒ,ÚßÞâÕàÕÚÞÝâÐÚâÐÜÕÖÔãÝØÜØ.² âÞâÜÞÜÕÝâ, ÚÞÓÔÐíâÞßàÞØ×ÞÙÔÕâ,
ãÓÞÛÝÐÚÛÞÝÐÔØáÚÐÑãÔÕâÔÞáâÐâÞçÝÞÜÐÛ,ØÝÐáâãßÐîéÕÕâÐÚØÜÞÑàÐ×ÞÜáÞãÔÐàÕÝØÕÔØáÚÐØßÞ-
ÒÕàåÝÞáâØÒÛÕçÕâàÕ×ÚÞÕßàÕÚàÐéÕÝØÕÔÒØÖÕÝØï.

´Ûï ÔÞÚÐ×ÐâÕÛìáâÒÐÝÐèÕÙÓØßÞâÕ×ëßÞâàÕÑãÕâáïÔÕäÞàÜØàãÕÜÐïÜÞÔÕÛìÚÐÚÔÛïÔØáÚÐ,âÐÚ
ØÔÛïßÞÒÕàåÝÞáâØ.ÍääÕÚâØÒÝëÜÜÕâÞÔÞÜÔÛïßÞáâàÞÕÝØïâÐÚÞÙÜÞÔÕÛØïÒÛïÕâáïÜÕâÞÔÚÞÝÕç-
ÝëåíÛÕÜÕÝâÞÒ,ßàÕÔáâÞïéØÕÒëçØáÛÕÝØïÞÑÕéÐîâÑëâì ÒÕáìÜÐ×ÐâàÐâÝëÜØ.
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