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Abstract

On the Shapes of Tangled Curves

by

Patrick Kessler

Doctor of Philosophy in Mechanical Engineering

University of California, Berkeley

Oliver M. O’Reilly, Chair

A new method is introduced for investigating the shapes of space curves. The method

involves analyzing intersections between a curve and a moving manifold. The positions

and orientations of the manifold are determined by the curve itself, and so the method is

invariant under curve translations and rotations.

The method is investigated in detail in two instances, one in which the manifold is a

planar triangle and the other in which the manifold is a disk. Each of these cases involves

unique subtleties that are explored in depth. In all instances of the method, the intersections

between manifold and curve are illustrated as a two dimensional point set. This is the power

of the method, that it allows intricately convoluted space curves to be represented as a single

digestible planar image. Whether one segment of curve wraps around or encircles another

is conveyed by the presence of a line in the plane, no matter how deeply buried in a tangle

these segments may be. Other aspects of the way in which segments fit together also follow

from the method, such as whether the encirclement of one segment about another is tight

or loose.

Although the method provides topological information (such as the linking number of

two curves), we pursue it more for what it tells about curve shape and geometry. The planar

image generated by the method rapidly communicates information about curve structure,
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3.4 Encirclement Surfaces

E-sets are d-indexed cross sections of an open (often disconnected) surface embedded

in a three dimensional space with coordinates s, t, and d (see Figure 3.11). We call this

surface an Esurf. Information about encirclement and curve shape can be obtained from

the intersection of the Esurf with a plane perpendicular to the d-axis (that is, an E-set).

d 

s 

t 
x(s)

x(s+d)

x(s-d)

Figure 3.11. E-sets are sections of a surface embedded in E3. Here we show this surface for
two linked circles. The intersection of the surface with the two planes at left corresponds
to the intersection of the triangle and curve at right.

As with P-sets in the previous section, we can extend the Esurf construction by using

the E-set triangle to define an infinite plane. We call the resulting surface in E3 a Psurf.

Psurfs are very complicated and intricately folded; a Psurf d-section is a P-set such as those

pictured in Figure 3.9. We focus in this work on Esurfs, which are subsets of Psurfs (just

as E-sets are subsets of P-sets).

3.4.1 Esurf Examples

Here we consider Esurfs corresponding to a circle of radius r around a straight line a

distance l from the circle center, and transverse to the plane containing the circle, (see

Figure 3.12). We call the encirclement triangle edge from x(s − d) to x(s + d) the cutting

edge. The Esurf boundary points corresponding to intersections of the cutting edge with
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Figure 3.12. Esurfs corresponding to a straight line passing though a circle of radius r, at
different distances l from its center.

the straight line are given by r cos dr + l cos sr = 0; the boundary points corresponding to

intersections with the other two edges of the triangle are given by

tan
d

2r
=

l sin s
r

r + l cos sr
. (3.1)

In this particular case, the esurf area is given by

A = π2r2 − 4r
∫ πr

0
arctan

(
l sin s

r

r + l cos sr

)
ds. (3.2)

3.4.2 Proximity

An E-set element implies proximity between different points on a curve. In detail,

suppose (s, t) ∈ Ed. Let a = x(s − d) − x(s) and b = x(s + d) − x(s), and note that

‖a‖, ‖b‖ ≤ d. The d-scale encirclement triangle T based at x(s) is given by

T = {x(s) + αa + βb | α, β > 0 and α+ β < 1}. (3.3)
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